An exact diagonalization method is applied to solve the quantum-mechanical problem of spinless helium atom in an external electric field of arbitrary magnitude. The basis set for two-electron problem is built from different pair combinations ψ nalama (αr a )ψ nblbmb (αr b ) of orthonormalized single-particle hydrogen-like wave functions ψ nml (r) belonging to any possibly bound states of the individual a-and b-electrons in the Coulomb central field renormalized by the scale parameter α > 0. Within the selected basis the matrix elements of the total Hamiltonian allows an exact analytical representation in the form of finite numerical sums. The diagonalization procedure is performed by Jacobi algorithm for N×N square Hermitian matrix built on the basis of dimension N = 25. The systematics and the numerical values of the low-lying energy levels at zero field are in good agreement with known experimental data. The field dependences of low-lying levels (Stark effect) and polarizability in the ground state of helium atom are presented. It is shown that even extremely high external fields lead only to shifting or splitting of existing low levels, without disturbance of their systematics. Typically, no new lowenergy excitation can be created under external electric field of moderate intensity. Radical reconstruction in spectrum of individual helium atoms can be expected in condensed helium phases where each atom is deeply affected by interaction fields from neighbors. This result should be taken into account at interpretation of electrodynamic experiments on superfluid helium. PACS: 31.15.ac High-precision calculations for few-electron (or few-body) atomic systems.
Introduction
Unusual response of superfluid helium under external electromagnetic exposure is a subject of intensive discussions over last decade [1] [2] [3] [4] [5] [6] [7] [8] . The most impressive thing is detection of a certain low-frequency mode of 180.3  GHz which behaves like specific eigenstate of superfluid flow in 4 He [7, 8] . This mode can be splitted by an external stationary and uniform electric field, and such a splitting increases linearly with applied field [7, 8] . The nature of the low-frequency mode is still not quite understood, but it is evident that the corresponding phenomena can not be interpreted properly without correct solution of the quantum mechanical problem on helium atom in an external electric field of arbitrary intensity. Standard approach for description of Stark effect in helium based on perturbation theory [9] does not allow us to accomplish the necessary treatment because of restrictions on the magnitude of the external field connected with typical conditions of the perturbation smallness. The corresponding solution can be built within exact diagonalization method, and we realize this program in the present paper.
Two-electron helium atom is the simplest three-body atomic system absolutely stable at zero temperature. The widest literature is devoted to the quantum mechanics of two-electron atomic shell (the main part of this literature is reviewed and discussed in the classical books [9, 10] , for recent publications see also reviews Refs. 11, 12) . From the formally point of view the Schrödinger equation for two mutually repulsive electrons in the central attractive Coulomb field of the infinite heavy nucleus is a linear sixvariable differential equation of second order in partial differentials. An exact analytical solution of this equation is still unknown [12] , so that this problem was treated by a number of approximate approaches. Since the initial paper of Hylleraas [13] the Ritz variational approach based on artificial trial functions of different kind [14] [15] [16] [17] [18] [19] [20] [21] [22] predominates in the problem of helium states. It should be noted that all these results are the conditional variational solutions with reduced (as compared with initial six-coordinate statement) number of spatial variables, so that they are approximate solutions whose accuracy should be estimated by independent methods. The energy of the helium atom ground state was also estimated by various approximate methods as perturbation study with 1/Z-expansion [23] [24] [25] , semiclassical approach [26, 27] and Hartree-Fock approximation [9, 10, [28] [29] [30] [31] [32] [33] [34] .
Mathematically, the solution of a linear differential equation can be built unambiguously as an expansion over a complete orthonormalized basis. As the corresponding basis it should be used any complete set of eigenfunctions belonging to a suitable Sturm-Liouville problem [35, 36] . Thus, the initial problem reduces to an algebraic problem on eigenvalues and eigenvectors of an Hermitian matrix. The algebraic problem can be solved by direct diagonalization of the obtained matrix, and it is the essence of exact diagonalization method. In this paper we apply this method to the spinless helium atom in an external electric field.
In Sec. 2, we present the statement of the problem. In Sec. 3, we describe the method to solve the problem in general. Section 4 contains the diagonalization for the case of zero field with basis of dimensionality = 25 N to illustrate the structure and classification of eigenstates of free helium atom. In Sec. 5 we show the field dependences of lowlying levels and polarizability of the ground state.
Statement of the problem
Helium electronic shell consists of two electrons which we denote as "a" and "b" particle, and all the values belonging to corresponding particle will be labeled by the corresponding index. In the spherical coordinate system with origin at immobile nucleus the radius-vectors of particles are = { , , } r ϑ ϕ r , and the Hamiltonian of the spinless helium shell ( 4 He) under external stationary and uniform electric field E can be written using the standard Hartree units [9, 37] in the form
H is the Hamiltonian of the free (at = 0
where one-particle Hamiltonians ( ) a H and
and the interaction term, int H , is
The nucleus charge is 0 = 2 Z + and particle charges are = = 1
An important property of the free atom (at = 0 E ) is that the square of the total angular momentum of its shell,
and z-projection of the shell angular momentum, ˆ= ,
obviously commutate with Hamiltonian (2) [38] . Thus, the both dynamical variables are integrals of motion for fieldfree problem which means conservation both of the total angular momentum and its z-projection on an arbitrary quantization axis. (6) . This property will be used below for classification of the twoelectron shell states.
Exact diagonalization method
Mathematically, the spinless Schrödinger equation
is the linear partial differential equation of second order with six spatial variables , a r b r , and the variables can not be separated due to the special form of int H . An exact analytical solution of the two-particle equation (1) even at = 0 E is still unknown [12] , let alone the case of nonzero external fields. Up to now the problem of free helium atom was analyzed with different approximate methods, among them in the most common use are direct Ritz variational approach [14] [15] [16] [17] [18] [19] [20] [21] [22] , self-consistent (Hartree-Fock) approximation [9, 10, [28] [29] [30] [31] [32] [33] [34] and perturbation theory [9, 10] . An ef-Helium atom in an external electric field: Exact diagonalization fect of external electric fields was discussed exclusively within framework of standard perturbation theory with computation methods based on a certain variational procedure [39, 40] . Here we shall build the formally exact solution of the problem Eq. (1) by exact diagonalization method which in our case is, in fact, standard Fourier procedure of mathematical physics [35, 36] . It provides derivation of the solution in the form of an expansion over a basis built of the selected complete set of orthonormalized functions.
Below, we consider only bound states of two-particle Hamiltonian (1) with discrete spectrum < 0  . Let us find the exact solution ( , ) a b Ψ r r of the linear partial differential equation (1) as an expansion [35, 36] ∫ r r r r r r (9) where pq δ is Kronecker delta. The solution should satisfy the natural reciprocity relations, (16) It is easy to check that Eq. (16) is an eigenvector of Hamiltonian Ĥ . As a result, the solution of Eq. (1) is reduced to algebraic problem of eigenstates (14) with infinite Hermitian matrix pq H . A problem of such kind can be solved with any desirable accuracy by different numerical methods [41, 42] .
Practically, the solution of the infinite algebraic system Eqs. (10), (12) is usually built by successive approximations [41, 43] . Let us suppose that the system is obtained using the truncated functional basis The described process leads to the following chain of inequalities for successive approximate eigenvalues [41, 43, 44] ( )
where = 1, 2, ..., j N, and j ε is an exact j-eigenvalue, obtained as a limit at N → ∞. It means monotonic convergence of the described procedure. The rigorous prove of the convergence demands more detailed mathematical treatment of the asymptotic behavior of the matrix ele- are built exactly at arbitrary N . The described approach reduces the functional problem with differential equation to an infinite algebraic eigenvalue problem whose spectrum and the functional representation Eq. (16) 
Eigenstates of two-electron shell at = 0 E
Here we start from the solution for free helium atom without external fields. We produce the spectrum and wave functions of isolated helium atom (at = 0 E ) with Hamiltonian (2). It will make us below to explain corresponding field dependences for arbitrary fields 0 ≠ E . For our goals it is naturally to select the basis { ( , )} p a b u r r as every possible direct products,
of single-particle hydrogen-like functions [10, 46] , 
Note, that functions nl R of the set Eq. (21) are orthonormalized at any real positive > 0 α . The case = 1 α in single-particle function corresponds to the simple hydrogen atom. For two-electron helium shell we have 0 = Z α − σ, where 0 < < 1 σ is the screening parameter [9, 37, 45] . The presence of the screening parameter σ means that each of the electrons moves in the nucleus field renormalized due to influence of another electron. Physically, this fact can be considered as an effective account of Hartree's self-consistency.
Each basis function number
is determined in univocal correspondence to a double set of single-particle hydrogen-like quantum numbers. M m m + . This property is principally important for rigorous classification of two-particle states.
As a result, we will find the solution of the problem
in the form Eq. (8) 
The matrix elements of interelectron repulsion int H can be obtained through cumbersome, but elementary integrals, 2  1  1  1  2  2  2  1  1  2  2  1  1  2  2   1  1  1  2  2  2  1  1  2  2  1  1  2 
where integral s  is presented in Appendix 2. Thus, all matrix elements (26), (28), (29) can be obtained as observable analytical expressions and calculated with any desirable accuracy. The total angular momentum
L of the shell is a dynamic variable which conserves due to central symmetry of the two-electron system relative to center on the nucleus. The angular and translational variables can not be separated in the Schrödinger equation (24) , so that there are not a simple quantization rule for u L u 〈 〉 can be calculated easily, so that we have an average value of this operator in each eigenstate with number j, (25) we have spectrum and eigenstates of the two-electron atom. In our calculations, as usual, α will be considered as an additional nonlinear variational parameter (cmp. with Refs. 9, 37, 45) which is determined from direct optimization of the ground state energy Here we use the basis set formed by pair combinations of five single-particle hydrogen-like states corresponding to = 1, 2 n . Nomination of this two-particle basis functions is given in Appendix 3. As a result, we obtain the Hermitian matrix pq H of the 25 e . The diagonalization of this matrix is fulfilled by Jacobi method [49] with an absolute accuracy (for energy levels and eigenvectors orthonormality) of 13 
10
− . The spectrum of the problem (at screening constant = 0.23231 σ ) is shown in u u + + r r r r (33) Within the system of two fermions in the central field of spinless nucleus (atom 4 He) it should be completed by antisymmetric singlet spin function [37] . The average square of the shell angular momentum Eq. (30) in the ground states is equal to zero (see Table 1 ) despite the eigenstate (33) is a superposition of basis elements with , 0 l m ≠ . Thus, the ground state (0) 1 ε is the spatially symmetric level of 1 0 1 1 s s S nomenclature (para-helium) [50] .
The second on the energy scale is the spatially antisymmetric level
r r r r (34) In the case of spinless 4 He nucleus it should completed by the triplet spin function [37] , and it has to be nominated as the u u − + r r r r (35) The most impressive result is that the next on the energy scale is spatially antisymmetric triplet . Lower state is doubly degenerated, but in reality it is slightly splitted and the distance between upper and lower sublevels is higher due to spin-orbital interaction [50] . Three wave functions, (4) (6) , Ψ Ψ and (8) Ψ , are presented in Appendix 4. No more comparisons with experimental spectroscopic data could be made because the used basis is restricted by only single-particle states with , = 1, 2 a b n n . As it can be seen, even without taking into account any possibly nonrelativistic and relativistic corrections [9] our theoretical calculations agree with experiment on a good quantitative level. Our approximate solution reproduces correctly the real nomenclature of low-lying states of the real helium shell [50] . = {0, 0, } E E . It should be noted that our consideration is not a perturbation, but exact diagonalization approach. In this connection we obtain results which are correct at arbitrary 0 E . Figure 1 shows the field dependences of the several lowest levels in helium spectrum. The ground-state energy 1 0 ( ) E ε ( 1 2 s p P triplet levels is quite different. The highest level of the triplet increases with field, whereas two lowest levels remain degenerated and field-independent. For illustration, we show the behavior of 11 0 ( ) E ε level which rapidly decreases with 0 E and becomes zero at 0 = 0.18443425 E . However, this fact can not be interpreted surely as the shell instability in view of finite dimensionality of the used basis. Anyway, we can conclude that helium spectrum could be sufficiently reconstructed under electric field of rather high intensity, comparable with intra-atomic fields. In reality, such fields can be produced by neighboring atom placed in the immediate vicinity of the actual shell.
Atomic polarizability 0 ( ) p E α in each p state is determined by standard way [46] ,
through average dipole moment in the corresponding state,
which can be calculated from Eq. (37) . Field dependence of 4 He polarizability 1 0 ( ) E α in the ground state ( 1 0 1 1 s s S ) is presented in Fig. 2 . The calculated low field value (0) = 1.517 α is a bit higher than experimentally observed = 1.383 α [50] , but this result should be considered as quite satisfactory in view of the fact that our calculation does not take into account neither nonrelativistic, nor relativistic corrections [9] . More essential is the fact that 1 0 ( ) E α remains constant up to extremely high fields and demon- 
Conclusions
Our results are obtained within standard concept of mathematical physics [35] No low-energy excitations appear under external electric field. No nonlinear polarization effects up to atomically high fields can be predicted. Helium atom (as any other electrically neutral system) responds to external field by formation of intrinsic dipole moment which is a function of external electric field through field-dependent polarizability. However, a radical reconstruction of spectrum is inevitable in condensed helium phases (liquid and solid) because of an essential effect from fields of neighboring atoms. Thus, we can expect an appearance of low-energy excitations in helium condensed phases. Such excitations should be manifested through details of interatomic interactions in liquid and solid helium. To describe this effects theoretically we need to solve corresponding many-particle quantum-mechanical problem. This program will be a subject of further researches.
___________________________________________________

Appendix 1
After integration over radial variables we have 1  2  1  2  1  1  2  2  1  2  1  2  1  2  1  2  2 2 2 2  1  1  2  2  1  2  1  2  1 2 1 2   ,  ,  16  2  2  2 2  1  2  1  2  1  2  1  2  1  2  1  2  1  2  1  2  =0  =0  =0  =0  1  2  1  2   ,  ,  ,  ( ,  ,  , 2  1  2  1  2  2  1  1  1  2  1  2  =0 , , , 
